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Abstract
A class of feature spaces that can violate the triangle inequality is proposed. The theory states that arbitrary N
samples, in which all the distances between any pair of samples are given but their coordinates are unknown,

can always assign the coordinates in the defined feature space after eigenvalue decomposition.
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1. Introduction

The feature space is one of the basic concepts in information science including pattern recognition [1],
multivariate analysis [2], optimization problems [3], and artificial neural networks [4]. Pattern recognition
classifies input vectors in a feature space and a metric is critical that defines a norm between two vectors in the
feature space. Multivariate analysis handles multidimensional vectors, which are supposed to be coordinates in a
feature space. Optimization problems frequently require minimizing or maximizing vectors in a feature space.
Artificial neural networks, one of the most successful mathematical models in information science, encode
information of features in input and output vectors based on machine learning. An important characteristic of the
feature space is quantitative calculation of an abstract human concept by using a real value metric. Another
character is the utilization of linear algebra, which has many well-known mathematical techniques. It makes the
feature space a popular tool in the science and engineering fields.

The concept of metric in vector spaces may be formally generalized in several manners. A
pseudometric space is a space in which the distance between a pair of different vectors can be zero but the
triangle inequality holds. Oppositely, a semimetric space is a space in which the distance between a pair of
vectors is zero if and only if the vectors are identical but the triangle inequality can be violated among three
elements. Similar metrics are utilized for formalizing various abstract concepts in mathematics such as topology
or geometry.

The triangle inequality always holds on a usual feature space that has a metric because a metric
acquires a defined distance. A normal metric feature space thus cannot process data violating the triangle
inequality among three of vectors inside a feature space. This violation is sometimes appeared if a distance
matrix among all the pairs of vectors in a feature space is given in which explicit coordinates of the vectors are
unknown. Such situations occur in many cases in real problems, e.g., when one would like to classify
relationships among many samples in a multi-dimensional feature space in which a sample is supposed to be
characterized by multi-dimensional variables and only representative distances between any pair of samples are
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experimentally determined. If those data have violations of the triangle inequality, one would meet difficulty to
resolve allocations of the data within a Euclidean space. One might thus conclude that the semimetric space is
adequate because semimetric may violate triangle inequality. Although there are some applications of
semimetric in engineering fields, mathematical theories should be expected to extend.

Here we describe the theory for a class of N-dimensional complex feature spaces and show the
violation of triangle inequality can be logically existed without any conflict in that spaces. This theory is simple
and expected to be applicable to methods such as pattern recognition or neural networks.

2. Definition of the proposed three feature spaces
A series of metric spaces in this study is defined by using N-dimensional complex vector spaces, C", that have
new inner products, norms, and distances introduced this section.
DEFINITION 1 The three inner products are defined as,

1) (VW)= ————=

)

3) [v, w]= (v, w) +i{v, w}="vw = gvkwk

where V=(V1,V2,-'-,VN)ECN, W=(W1,W2,“-,WN)ECN, C" is a N-dimensional complex vector

space, v s a transposed vector of V,and W isacomplex conjugate of W.

Each inner product satisfies the following conditions, which are common to other ordinary inner
products.

PROPOSITION 1 The inner product (V,W) satisfies
4) (v, w) = (w,v),

(5) (au+ SV, W) = a{u,w) + S{v,w),
(6) (v,v)eR,

where u,v,weC"  and a,feR.

PROOF.
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v, 4V, N
©® (v,\v)=> =ZRe(vk )eR
k=1 2 k=1
PROPOSITION 2 The inner product {V, W} satisfies

@) v, w}={w,v},
8) {au + pv,w}= afu,wi+ giv,w},
9) {v,v}eR,

where u,v,weC"  and a,feR.

© faus pr,w)= 3 (A (et pu o

7 2i

N o ow N v
:akz_llukwk Uy, Wy +ﬂkz_l:Vka2Vka —afu,wh Blv,wh

2i i
N v 2 _F N
© {yvj=> :ZIm(vkz)eR.
k=1 2i k=1
PROPOSITION 3 The inner product [V,W] satisfies
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(10) [v,w]=[w,v],
(11) [ + pv,w]= afu, w]+ Blv,w],
12  [wv]ecC,

where u,v,weC"  and a,peC.

PROOF.

(10) | Zv W, = iwkvk =[w,v
1) [au +ﬁv,w]:§:(oeuk + PV W, = aZu W, +,BZV w, = alu,w]+ glv,w].

N
(12) [vv]=>v*eC.
k=1
The inner product [V, W] is the sum of products of two complex numbers. It is an extremely simple

N
number and but it extends to a complex domain. Further, [V,W]:tVW=ZVka is regarded as a
k=1

complement to the ordinary inner product (V W):tVW ka W, inacomplex vector space.
=1
Following the definitions of these inner products, we define the norms and distances in these new
spaces using these inner products. In general, the definitions of ordinary norms and distances are limited by
several well-known conditions. We, however, call a norm, distance, or metric hereafter in a more extended way,
because the concept of an ordinary norm or distance corrupt when one think a vector space that can violate the
triangle inequality.

DEFINITION 2

(13) The norm |V| ofavector veC" with V V <V,V

~

(14) The norm |V| ofavector Ve C" with VV is 1/{V,V}

(15) The norm |V| ofavector veC" with VV is 1/l I
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DEFINITION 3

(16) The distance d<V,W> is |V—W|:,/<V—W,V—W> ,where v,weC".
(17) The distance d{V,W} is |V—W|=1/%V—W,V—W},Where v,weCV.
(18) The distance d[V,W] is |V—V\I|:1/|V—W,V—W|,where v,weC".

Each distance is symmetric for v and w.

PROPOSITION 4 The distances d{v,w), d{v,w}, and d[v,w] satisfy
a3y dv,w)=d(w)
)  div,wi=d{wv}
as)  dlv,w]=d[wy]
@) dv,w)=Jv-w,v—w) = [~ (w-v)~(w-v)) = J{w-v,w-v) =d(w,v).
a9 divwi=Jv-wy-wp =i (w-v)—w-v)i = iw-v,w-vi =diw,v}.

as)  dv,w]=y[v-wv-w]=[-(w-v)~(w-v)] = \[w-v,w-v] =d[w,v].

Each distance is pseudo-metric in which multiple pairs of two vectors having the distance of zero can

exist.

PROPOSITION 5 The distances d(v,w), d {v,w},and d[v,w] satisfy
(16) v and w that satisfy V # W and d<v, W> =0 exist.
a7 v and w that satisfy V=W and d {V, W} =0 exist.

(18) v and w that satisfy V=W and d [V, W] =0 exist.

PROOF.
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(16) Let v=(a, +ib,,---,ay +iby) and w=(c, +id,,---,Cc, +id ) that satisfy V=W and

i{(ak—ck — (b, —d,)?}=0 then

k=1

%

d{v,w) = J(v—w,v—w _\/i{(\/"_W")ZZ(V"_W")Z}—\/gRe{(vk—Wk)z}

k=1

= \/ZN:Re(vf — VW, W) = ZN:{(af ~b?)-2(a,c, —b,d, )+(c2 —d?)}
:\/Z{(ak _Ck)2 _(bk _dk)z}:()_

k=1

17 Let v=(a, +ib,,---,a, +iby) and w=(c, +id,,---,c +1id ) that satisfy V=W and

N

Z(ak —c,)(b,—d,)=0 then

k=1

d{v,w}./}v—w,v—wg\/i{(\/k —w ) __(Vk Wk)z} :\/kZN:;Im{(Vk _Wk)z}

k=1 2i

N

:\/ilm{vf—kawk+wf}:\/z {2a,b, - ~b.c, )+2c.d, }
k=1

i=1

=\/ZZN:(ak -¢)(b —d,) =0.

(18) Let v=(a, +ib,,---,ay +iby) and w=(c, +id,,---,Cc, +id ) that satisfy V=W and
N
> {a —c.)? = (b, —d,)? +2i(a, —c,)(b, —d,)}=0 then

dfv,w]= v —w,v—w] = J(v—w,v - w) +ifv—w,v - w}
=\/i{(ak —¢,)? = (b, —d,)? +2i(a, —c,)(b, —d,)} =0.

k=1

Moreover, each distance can be not only a real number, but also an imaginary number for d(V,W> and

d {V, W}, a complex number for d [v, W].
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PROPOSITION 6 The distances d{v,w), d{v,w}, and d[v,w] satisfy
(29) If (Vv—w,v—w)>0, then Re(d(v,w))=0 and Im(d(v,w))=0. If (v—w,v—w)<0, then
Re(d(v,w))=0 and Im(d(v,w))=0.
@0)  1f v—w,v—w}>0, then Re(d{v,w})=0 and Im(d{v,w})=0. If {v—w,v—w}<0,
then Re(d{v,w})=0 and Im(d{v,w})=0.
1) dlv,w]ecC.

PROOF.
(19) From (6) and d(V,W) = [(v=W,v—W) , if (Vv—w,v—w)>0, then Re(d(v,w));to and
Im(d(v,w))=0. 1t (v—w,v—w)<0,then Re(d(v,w))=0 and Im(d(v,w))=0.
200  From (9) and dfv,w}=/v—w,v—w}, it {v—w,v—w}>0, then Re(d{v,w})=0 and

Im(d{v,w})=0. 1f {v—w,v—w}<0,then Re(d{v,w})=0 and Im(d{v,w})=0.

(21) From (12), d[v,w]=/[v—w,v—w]eC.

Normally, distances should be zero or positive real numbers. These distances, however, are extended to negative
real and imaginary domains.
Here, we show several propositions related these metric spaces.

PROPOSITION 7 If v,we RN , the metric space with <V,W> or [V,W] is equal to an

N-dimensional Euclidean space.

PROOF.

'vw+ 'vw tvws'vw . _ _
> = > =VW and [V,W]z VW. Each of the metric spaces is

If vyweR"N, (v,w)=
(v, w)

equivalent to a Euclidean space, which has a metric (V, W):tVW.
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PROPOSITION 8 If v,we RM | the metric space with {V,W} is identically the space that has a

metric of 0.

PROOF.

‘vw—"vw  vw=vw
2i 2i

0.

If vyweR", {v,w}=

3. Isometric transformations

In metric spaces, the existence of their isometric transformations is critical. An orthogonal matrix T , a matrix
that satisfies ‘'TT =T'T =E, is only the isometric transformation for <V,W>, {v,w}, and [V, W] (as

proved below). This is also true in Euclidean spaces, while unitary transformations are needed in complex vector
spaces. Thus, the class of metrics in this study is regarded as a simple extension of the Euclidean metric from the
point of view of isometric transformations, rather than the complex vector metric in which the unitary

transformation is needed.

PROPOSITION 9 For arbitrary v and w,

@)  TT=E<(Tv,Tw)=(v,w)
23)  'TT =E < {Tv,Tw}= {v,w}

@4)  TT=E < [Tv,Tw]=[v,w]

PROOF.

(22) TT=E= <TV, TW> = <V, W> for arbitrary v and w:

Let T to be an orthogonal transformation, then
t t ty,t ty,t " t tyng
Tv)Tw+ (Tv]Tw ‘v TTw+ ‘v TTw  ‘vw+ 'vw

(Tv,Tw) = ( 5 ( = 5 = 5 =(v,w).

For arbitrary v and w, <TV, TW> = <V, W>:>tTT =E:

Suppose 'TT #E and <TV,TW> = <V, W> for arbitrary vand w. From
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(Tv, Tw) — (v, w) = (Tv, Tw) — (Ev, Ew) = (T + E v, (T — E)w)
_ VT HENT—Ew+ v (T +ENT—Ew _ 'vCw+ 'vCw
2 2

icj W, +cjkv W,

j,k=1

, where (T +E)T —E) is replaced by C, and then <TV,TW> :<V,W>

becomes

| -
(25) CjijWk -l-CjijWk _0
jk=1 2

where Cix (g) is an element of C (6), and constant by choosing a T . But (25) states that the sum of

two quadratic forms of vectors V, W,\_/ and v_v is identically 0, meaning that v and w are not arbitrary, and
contradicts the premise that states v and w are arbitrary. Therefore <TV,TW> = <V, W>/\tTT # E s false,
which leads <TV,TW> = <V, W>:>tTT =E istrue.

(23) TT=E= {TV,TW} = {V, W} for arbitrary v and w:

Let T to be an orthogonal transformation, then

t t =t Tttt T
v, Tw) = (Tv)Tw—_ (Tvtw _ 'v TTw=—"vTTw _ 'ww="vw _ ow).
21 2i 21
For arbitrary v and w, {TV,TW} = {V, W}:>tTT =E:

Suppose 'TT # E and {TV,TW}= {V,W} for arbitrary v and w. From

{TV,TW}_ {V,W} = {TV,TW}— {Ev, Ew} = {(T 4 E)v, (T B E)W}
VI HENT - VT EXTEJw _ ‘vow-VCw

2i 2i
N C.V.W, —C, VW,
= z ik P L , Where t(T+E)(T—E) is replaced by C, and then {TV,TW}={V,W}
j k=1 I
becomes
5) CyVi Wi = Vi Wi _
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where Cix (Q) is an element of C (6), and constant by choosing a T . But (26) states that the sum of
two quadratic forms of vectors V, W,\_/ and W is identically 0, meaning that v and w are not arbitrary, and
contradicts the premise that states v and w are arbitrary. Therefore {TV,TW}: {v, W}/\tTT # E is false,
which leads {TV,TW}z {v, W}:tTT =E istrue.

(24) TT=E= [TV, TW] = [V, W] for arbitrary v and w:

Let T to be an orthogonal transformation, then [Tv, Twl=" (TvJTw="v'TTw="vw = [v,w].

For arbitrary v and w, [Tv, TW] = [V, W]:>ITT =E:

Suppose 'TT #E and [TV,TW] = [V, W] for arbitrary vand w.  From

[Tv, Tw]—[v,w]=[Tv,Tw]-[Ev, Ew]=[(T + E)v,(T — E)w]
=v'(T + E)T — E)w="vCw

N
= chijWk ,where ‘(T +E)T —E) isreplaced by C,andthen [Tv,Tw]=[v,w] becomes
j.k=1
N
@7) D cyuvw, =0,
jk=1

where C i is an element of C, and constant by choosing a T . But (27) states that the quadratic form of
vectors V and W is identically 0, meaning that v and w are not arbitrary, and contradicts the premise that

states v and w are arbitrary. Therefore [TV,TW]:[V,W]/\tTT;tE is false, which leads

[Tv,Tw]=[v,W='TT = E istrue,

4. Violation of the triangle inequality
We finally conclude that the class of our metric spaces accepts both of the not-violated and violated triangle
inequality. This property makes these metrics afford real applications. We start with the following lemma.

LEMMA 1.

29) <a,b>:%(<a,a>+<b,b>—<c,c>),
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@ fab)=;(aal+b)-lec)

@ [ab]=3(aalbbl-[ec).

where c=b—a and a,b,ceC".

(28) (c,c)=(b—ab—a)=(b,b)+(—ab)+(b-a)+(—a-a)=(bb)—2(ab)+(aa)
Thus (a,b) = ((a.a) + (b.b) - c.c)).

29) {c.cl={p—ab—a}={bbl+{abl+ib-al+{a-al={bl-2{ab}+aal
Thus. {a,b} =~ (fa.a}+ b} f.c)

30) [c.c]=[b—a,b—a]=[(b,b)]+[-a b]+[o,~a]+[-a-a]=[b,b]-2[a,b]+[aa]

Thus [a,b]=%([a,a]Jr[b,b]—[c,c]).

Using this lemma, we proof propositions in the following. The proofs are similar to those of a multi-dimensional
scaling algorithm, which is often used in several scientific fields.

PROPOSITION 10.

A set of different N points {a. =1 N}, where the distance dlai,ajJ between different two points

L
a;,a; are arbitrarily specified as complex numbers, can be generally positioned in a (N —1) -dimensional

complex vector space C N1 with the metric [ai '8 J

PROOF.
Suppose @, = (O,-'-,O) (we can arbitrarily set the relative location of the only one point of all) and Z is a
(N —1)—dimensional matrix that has an element z;; = [ai ,ajJ: (i, j=2,---, N) thus symmetric. From (30),

the elements of Z can be transformed as
z :[ai,ajJ:%([ai,ai]+[aj,aj]—[aj —a,a, —ai]):%(dfi +d7, —d”?), where d :d[ai,ajj.

In general, any matrix can be decomposed into an eigenvalue diagonal matrix and eigenvector matrices. After
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the decomposition of Z , we obtain Z =YL'Y , where L is a diagonal matrix that has eigenvalues, Y is

1 1
an eigenvector matrix, and 'Y is its transposed matrix. Taking JL =L , We can get two matrix ‘X =YL?

and
B X =LY
from Z =YLYY =YL?L*'Y='XX . This (N —1) dimensional matrix X consists of the (N —1)

column vectors, which represents the coordinates of the (N —1) points @, e C" ™ : {i = 2,---N} with the

origin @, = (O,---,O)e chNt,

PROPOSITION 11.

A set of different N points {a. =1 N}, where the distance d<ai,aj> between different two points

a;,a; are arbitrarily specified as real numbers in which the triangle inequality can either hold or not hold, can

be generally positioned in a (N —1)—dimensional complex vector space C N1 with the metric <ai '8 > .
PROOF.

Similar with the proof of PROPOSITION 10, suppose &, :(O,---,O) and Z is a (N —1)—dimensional

matrix that has an element z;; = lai , ajJ: (i, j=2,--, N) thus symmetric. From (3),

[az’az] [aZ’aN] <a27a2> <a2’aN> {az’az} {aZ’aN}
Z=| o=l r s

[a‘N’aZ] [aN’aN] <aN’a2> <aN’aN> {aN’aZ} {aN’aN}

Therefore, if all the elements z; = [ai , ajJ are specified as real numbers, the resulted coordinate matrix X,

which is the same as (31), is of the metric <ai '8 > . Apparently, if one can specify arbitrary real numbers as
_ 1 2 2 2 . . . . . .

the elements  Z;; = > d; + dlj - dij , points can either satisfy the triangle inequality or not.

PROPOSITION 12.

A set of different N points {a. =1 N}, where the distance d{ai,aj} between different two points
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a;,a; are arbitrarily specified as real numbers in which the triangle inequality can either hold or not hold, can

be generally positioned in a (N —l)-dimensional complex vector space C N1 with the metric {ai 8 }‘

PROOF.

Similar with the proof of PROPOSITION 10, suppose & = (0,---,0) and Z is a (N —1)-dimensional

matrix that has an element Zy = [aj ,akJ: (j, k=2,---, N) thus symmetric. From (3),

[az’az] [aZ’aN] <a2’a2> <a2’aN> {az’az} {aZ’aN}
Z=| i o= s s

[aN’aZ] [aN’aN] <aN’a2> <aN’aN> {aN’aZ} {aN’aN}

Therefore, if all the elements Z; = [aj,akJ are specified as imaginary numbers (Z; = i{aj,ak }), the
resulted coordinate matrix X , which is the same as (31), is of the metric {ai,aj } Apparently, if one can

i 1
specify arbitrary ix real numbers as the elements z, = > (dlzj +dj —d jzk ) points can either satisfy the

1
triangle inequality or not, in the sense of Im{zjk =5 (dlzJ +d2 —d jzk )} :

5. Conclusion
We proposed a class of multi-dimensional feature spaces that can violate the triangle inequality by defining a
class of metrics, norms, and distances. The class of our metric is pseudo-semimetric and it simultaneously
affords vectors of both the mixed not-violated and violated triangle inequality. The violation or not are
mathematically symmetric caused of the symmetry in real and imaginary numbers. Our space is exactly identical
to Euclidean space if the imaginary parts of all the vectors are zero. We have demonstrated only orthogonal
matrices are the class of isometric transformations in our metric spaces. We have further proved the propositions
that vectors of which the distances between any pair are given can be always allocated to explicit positions with
the corresponding coordinates in a multi-dimensional complex vector space by eigenvalue decomposition
without any logical conflict. By only replacing real vectors to complex vectors, this theory is easily adopted to

known algorithms in information science such as pattern recognition and neural networks.

References

1. A. K Jain, R. P. W. Duin, and J. Mao, Statistical pattern recognition: A review, IEEE Transactions on
Pattern Analysis and Machine Intelligence, 2000, 22, 4-37

2. T. Rajalahti, and O. M. Kvalheim, Multivariate data analysis in pharmaceutics: A tutorial review,

- 81 -



International Journal of Pharmaceutics, 2011, 417, 280-290

C. A Floudas, and C. E. Gounaris, A review of recent advances in global optimization, Journal of Global
Optimization, 2009, 45, 3-38

M. R. G. Meireles, P. E. M. Almeida, and M. G. Simoes, A comprehensive review for industrial applicability
of artificial neural networks, IEEE Transactions on Industrial Electronics, 2003, 50, 585-601

- 82 -





