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Mathematical Analysis of Vapor Diffusion Process for
Impregnated Solvent on Sheet-Type Films
-Diffusion Status Model for
Designing a Control System Configuration-

Kenji Shirai*! Yoshinori Amano*?

Abstract

In this paper, we design a control system configuration in a drying oven using the mathematical
model of the status in the drying oven and describe it using a transfer function with a quadratic
time delay. The transfer function is called a vapor pressure function and has main state variables
in a drying oven.

From a mathematical point of view, a one-dimensional advection diffusion equation (ODAE), for
which the object model has a constant speed v in the direction, defines the drying oven status of
the target system. The ODAE is given by applying the Lagrange differential operator. For example,
it is possible to determine the optimal heat source position or the distribution function under
ODAE.

It is generally difficult to measure the real data in the state variables within the drying oven.
However, it is possible to determine the real data using various estimation algorithms such as
Kalman filter theory and also to determine the configuration of a control system.

Keyword: thermal diffusion, Laplace transform, drying oven, impregnating solvent

1 Introduction

In general, a machine produces sheet type films. Its function is to first impregnate a solvent,
especially an organic solvent, into the films, and then control the thickness of the impregnated
film using a heat source in the drying oven. Such a machine is called "impregnating machine,” and
it produces shaped insulator films. Some companies have developed various types of machines
that process many films using various solvents in a conventional manner. As a result, many
different types of films have been produced.

In previous studies related to impregnating machines, it is widely recognized that the
impregnated solvent on sheet-type films gets dried while diffusing the heat in a drying oven, or
the sheet-type films may themselves move during the process of receiving heat in the form of
steam in the drying oven[l, 2]. It is considered that the most important process units of the
impregnating machine are the impregnating solvent and the drying unit.

Horiuchi et al. proposed a drying simulator which calculates the state variables that are
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related to the drying condition on impregnated films using the thermal diffusion in the drying
oven[3]. In the case of this simulator, its function provides the data regarding these state variables
using numerical analysis for one-dimensional partial differential equations (PDE) with unsteady
states under both boundary conditions and process conditions. This excellent simulator is widely
used in many studies as a drying mathematical model.

This paper proposes that the main state variables are given by an internal vapor pressure
function to realize the design of a control system configuration. From the above description, the
mathematical method uses a transfer function with a second-order time delay model as a more
specific heat diffusion function in the drying oven. This paper also provides a mathematical model
in which the impregnated films move with a velocity “ v ” in a certain direction. The ordinary
differential equation is given by the Lagrange Differential Operator (LDO). This paper reports that
the state of thermal diffusion to be discussed is defined by the ODAE[8].

First, this paper explains that the mathematical model is described using a transfer function
with a second-order time delay model in which the object to be dried is stationary in the drying
oven|7].

After obtaining the ODAE using Laplace transforms, the mathematical model of the thermal
diffusion state equation is derived by LDO. Here, LDO is provided by the independent time
variable t and dependent special variable x.

With respect to the direction of motion, assuming that the movement of films is in a
onedimensional direction and that the impregnating solvent on the films is also dried in a one-
dimensional direction by thermal diffusion, the model in a drying oven that describes the
impregnated solvent on the films as a diffused continuous object in the direction of motion is
presented by ODAE.

Instead of focusing on the internal reaction when impregnating films, we are to design a
dynamic state model on a control system. To do this, it is necessary to derive the mathematical
model that describes the situation in which the solvent vapor is diffused by the vapor pressure
unit.

Further, with such a model, for example, it is also possible to determine the optimal heat
source position or the distribution function. The measurement of the real state quantities is
generally difficult. However, it allows the configuration of a control system when used to estimate
the state variables using estimation tools|[8].

As described above, the method proposed in this paper provides an easy mathematical
model in ODEA.

2 Basic mathematical model and definition of the physical quantities

With respect to a model that remains stationary for both the films and heat source in the
drying oven shown in Fig.1, the physical quantities used in this section are described as follows|[3,
4, 6].
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m (t) : Temperature in hearth
1: Thermal heater Heat with moisture

Drying hearth
M | ﬂ Po (t)

m (t) z=0 T
Po(t) hi(t) IQ_I' 0<z<w

0 it 2w |

Pi (t) r\mv (t) T
\Heated object m w Slz <d

z = le,

w : a film thickness
d - w : a material thickness

Fig.1: Static model in the drying oven Fig.2: Oven standard model

Assuming that the vapor pressure is derived using the function of the moisture g(t) in a

drying oven, the vapor pressure is derived by
Ro(1) = g1lq(t), 1= 0] 2.1)

where, the moisture function ¢(t) is defined as the following equation:

Definition 1 Moisture function q(t)

a(t) = [ r(vas

[ealpio) = Roldr, 1> 0 @2)

where r(f) is the ratio of drying, r(t) = gz[Pi(t)—Po(t)], Pi(¢) is the vapor pressure in the drying
oven, and Py(f) is the external vapor pressure.

The vapor pressure derived by the gradient on the average moisture my(t) on the films in
the drying oven, is defined by

Definition 2 Gradient on the average moisture my(t) on the films

o,
Fi(t) =5 e I 2.3

where, my(t) is derived by
my (1) = / HIhi(t) — ho(1)]di, >0 (2.4)

where h;(t) is the amount of heat transfer and ho(¢) is the heat consumption. Now, h;(¢) is described
by
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hi(t) = [g3(my(1)) — ga(my (2))ldt, >0 (2.5)

where, H is the function representing a physical constraint.
gk(*), k = 1,2,3,4 in Eqs.(2.1)-(2.5) represents the constraint function on the each physical
quantity.

In this case, the transfer function W(s) in such a drying oven is derived by

W(s) = = (2.6)

where Q(s) is the Laplace transform of the moisture spring from the solvent obtained using the
heat source in the dryin g oven, and M(s) is the Laplace transform of the heat source function (the
temperature in drying oven).
Such a thermal system model is generally derived as the time delay with a second-order
system:
Wis)=Kg—— 2.7)
az+axs—+aps
where, let K¢, a1, az, asz be a positive real number respectively.
From Egs. (2.6)-(2.7), the following ODE is obtained formally by
LA B0 ) = Koo 28)
where, the initial condition is q(0) = qo[7].
The state variables on the object are considered as follows.
This is a mathematical model for which the films with the impregnated solvent represent the
upper layer condition dried by the heat source under certain conditions (See Fig.2).
Since the moisture is approximately equal to the vapor pressure, we let the vapor pressure
function be C(x, t).
In addition, from Eq.(2.6), let the heat source (the temperature in the drying oven) again be
f(©. Then, W(s) is derived by

Wi(s) = 2.9)

The model of Eq.(2.9) shows that the thickness of the impregnated solvent on films is
proportional to the value of the moisture vapor pressure function based on time. In the case of a
constraint condition such as heating the impregnating solvents, the thickness of the impregnated
solvent on films decreases. However, the thickness of the films themselves maintains a constant
value.

To mathematically model the continuous films, we assume that the films move with velocity
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v in the direction.

To describe the mathematical model, the Lagrange differential operator D/Dt is introduced

by
b_ i + vi 2
Dr ar Vax 210
where x denotes the spatial variable in the direction of movement|[8].
From Eq.(2.8), Eq.(2.10) can be rewritten by
Dq(t) Dq(t)
a—s +a; — +a3zq(t) = Kgm(t) (2.11)
Similarly, Eq.(2.9) is derived by
D*C(x,t . DC(x,t R N
0 2t | 4, PO ) = Rarte) 212)

For the state variable below, it is assumed that Eq. (2.12), which is described by the internal
vapor pressure function C(x, t) is the target model system.

From Egs.(2.10), (2.12) can be rewritten by

J +vi>C(x,z)+d3C(x,z):Kf(x,z) (2.13)

a (i +vi)zc(x>t) +a; (5 dx

Jt  Ox

Assuming that the diffusion of moisture moves in one direction, by ignoring these terms
(a /Bt) . (8 /Bx) in Eq.(2.13), Eq.(2.14) is described as follows:

ICx1) | ACKx1)

— 2
Y e +C(x,t) = Dv* f(x,t)

92C(x,1)

=D ox2

+kf(x,t) (2.14)
Equation (2.14) represents ODAE, where Dc denotes the diffusion coefficient and f(x, t) denotes
the distribution function in the thermal diffusion state.

As described above, it can be expressed using the PDEs in Eq. (2.14), in which the movement

model of the continuous films has a state variable of the internal vapor pressure.
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f(x, t)

Drying hearth

Applying side Y% f Cl(z, 1)
z=w
) Material side ) Br(z, t) )
z =d
/ z
@ | flx, 1 |@ x=0 ) =t
f(x, t)
x=0 x=L
1: Drive shaft
Fig.3: Plant model Fig.4: Applied material model

3 Drying model of the sheet-type films to be moved
Figure 3 shows the model on this equipment.

Figure 4 shows the model on the impregnating solvent on the films.

Let C(z, ) be the internal vapor pressure function in the direction of the z-axis (dry direction),
and Br(z, t) denotes the transfer function on the film side. Let z € [w, d], t € [0, T].

Figure 4 indicates the movement model for continuous films with the impregnated solvent
at a moving velocity v while being dried by diffusion vapor. We assume that the thickness of
impregnated solvent Ts decreases with the ratio of 9 Ts/ d t on account of the solvent vapor.

The ratio of 9 Ts/ @ t is derived by

%:—vl‘r, 1€10,7] (3.1)
where v1 denotes the inverse parameter of the solvent density, and r is the drying ratio parameter
proposed by Clausius? Clapeyron Equation in chemical thermodynamics[4, 5, 6].

Equation (3.1) represents the constraint equation for the change in thickness of the
impregnated solvent on films.

Here, the impregnated solvent thickness of the films is defined by

Definition 3 Impregnating solvent thickness on films : Tsy <z <w, where Ty, is

9T,
T, = — .
079t li=o (32)
Definition 4 Film thickness : w < Ty < d, where T is
a1,
Ty = ——| . 3.3
0 dt li=0 ( )

With respect to the movement direction, let x = xn at any point x, and with respect to the z-axis

direction, the state variable C(z, x, t) is derived by
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aC(z,xn,t) _ azc(zvxrht)
—ar P G4
Clz,x0,1) =C(z,1), "x=1x, (3.5
With respect to the z-axis direction, Eq.(3.4) is
d9C(z,1) 92C(z,t)
or D(z) 072 (36)
C(z,0)=C(z2), T, <z<w (3.7
dc
M = ram o 0) - (o) @9
=r.C(z)

where the boundary conditionis z = 0, -r + AH is the latent heat of the solvent vapor, hq is the
thermal conductivity in the impregnated solvent direction, and rc is a general parameter.

The impregnated solvent thickness is represented by

o7

So=vien 2=0 (3.9)
olen) o ., (3.10)
0z

where the boundary equations for the continuous condition at the boundary surface z = w were

obtained by
0 0B
A C(Z,t) :}\’2& (3.11)
aZ =w az =W
C(w,t) = Br(w,1) (3.12)

where both A1 and A2 are a thermal conductivity respectively.

With respect to the film side, both the dynamic model and initial condition of Br (z, t) are

obtained by
dBr(z,1) 92Br(z,t)

= ! 3.13
5 U5 (3.13)
Br(z,0) = Br(z) (3.14)

where ap denotes a diffusion coefficient.

According to the set at z = d in Eq. (3.8), it is similarly obtained by
dBr(z,t
1 2P0 1)~ By e

=rg-Br(z,1) (3.15)

where hy is the thermal conductivity to the outside in a drying oven, and r is called the general

parameter.
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Assuming that the change in the thickness of the impregnated solvent is generally
constrained by
Assumption 1

oT;
ot

=n(v,r), =0 (3.16)
where, 7 (¢) is assumed to be uniformly decreasing function. The diffusion equation that
describes the impregnated solvent on films in the z-axis direction is generally given by

92C(z,t)
97?

=D(z)

+3 (x—xm) f(1) (3.17)

where & (x - xm) denotes the Dirac Delta function distribution and x = x» denotes the distribution
point of the heat source.

With respect to & (x = xm), § (x = xm) = @(x, xm), ®(x, xm) can be represented by the
distribution function of C*[8]. According to Eq. (3.16), the impregnated solvent thickness change

is represented by

a7,

59 —N[C(z8).v(8).7], 6=0 (3.18)

where 6 = x/vand 6 = 0,thenz* = 0.

With respect to the impregnated solvent thickness, z is described by
6
7= [ ic0).v(e).rlde. 6 >0 (3.19)
0
where z denotes a decreasing function in Fig.5, and can be approximated by a straight line z =

Vx2+ w2, From this linearization, the change in the direction of x can be regarded as being
equivalent to the change in the direction of 6. Assuming that the term C(x, t) in Eq. (2.14)

z*cos6
z =0
WD
z* y
A
W - Wp
Z =W N
x=0

tanB = wp/L x=L

Fig.5: Approximate linear model for applying film thickness with changes
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is omitted, the new mathematical model Eq. (2.14) is rewritten as

d d 9’
ca(ze,e) o CE()ZZ,G) D) %9) +B(2)- £(6) (3.20)

where, z € [z¥, w]and 6 € [0, T].

The mathematical model of film side is rewritten by

2
aBg(gﬁ) +vaBTa(§,9) :D(Z)aBaTiZ(;’e) +By(2)- £(9) (3.21)

where, z € [w,d] and 6 € [0, T].

The boundary equation at the borderline z = w between the solvent and film is obtained by

9C(z,0) :MBBT(z,G)

A
aZ =w aZ =w

(3.22)
where, both Bi(z) and B2(z) denote the distribution function for the control function f(6)
respectively.

This paper proposes a general diffusion model as follows:

0C(z,0) = 0C(z,0) 92C(z2,9) . 323
d0 o P ToE HEE©) 42
where z € [z* L], 6 € [0, T].
Ts can be derived by
0
7}:/0 N[C(z.0),v(8),7]d6, 6 >0 (3.24)

where C(0,0) =Co(0) and C(w, 0) =Cw(0).

In case of z = 0, the boundary condition is derived by

9C(z,0)
0z

L =BiCo(e), "B; >0 (3.25)

Z
In case of z = w, the boundary condition is derived by

dC(z,0)
0z

=B Cul6), "B2>0 (3.26)
—
where, assuming that 6 ~ O because of the extremely thin nature of the impregnated solvent, it
can be regarded as x in the same way as z*.  From Fig.5, let x = z* cos 6 .

In the case where there is focus on the diffusion model along the direction of motion, the

most generalized mathematical equation is derived by

d 3 9°
cgytc,r) . Ca(i,t) D) %Hp(x,xm). £0) (3.27)
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where, C(x, 0) =Colx), x € [0, L], t< [0, T].
The boundary conditions at both x = 0 and x = L in Eq.(3.27) are respectively obtained by

aCEg);[) ‘x:OZ Bi&i(r), Bi>0 328
aca(?t) ‘x:f Baba(r), B2>0 (3.29)

where both ¢1 and ¢2 denote the constraint functions on each boundary position at x=0 and

x=L, respectively.

That is, with respect to Eq.(3.27)~Eq.(3.29), the vapor pressure function C(x, t) to the
impregnated solvent on the film represents the one-dimensional diffusion status along the
direction of motion. When the vapor pressure function denotes C(L, T) at x = L, t = T, the
impregnated solvent becomes w*. If a constraint function on the solvent thickness is specified, the
study revealed that the impregnated solvent thickness can be controlled by C(x, ¢).

In this paper, the characteristics of the mathematical model revealed the following with

respect to both the stationary model and the diffusion model, respectively:

e It is converted from the transfer function model to the diffusion model by the Lagrange

differential operator.

* Assuming that the impregnated solvent thickness decreases uniformly under the extremely
thin layer of solvent while impregnating to films, the diffusion of the x-axis direction in the

same thickness equates as the diffusion of z axis direction.

4 Examples
[Example-1]  Stationary state model
The mixed boundary condition problem, which is a combination of the Neumann and Dirichlet
conditions.
dC(x,t) OcazC(x,t)

ot dx2

where, let Co(x) = 1.0, x € [0, 1], t € [0, 1].
For this example, the boundary condition, the eigenvalue and the eigenfunction are respectively
given by

C(0,r)=C(1,t) =0

Xi:—oc(Ziz_l)Tc

@i(x) = \@sin(Zi;l)m
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= [ e

~ (@il -e(*3 )

[Example-2]  Stationary state model

Neumann type boundary condition problem.

dC(x,t) OLGZC(x,t)

ot 0x2
dC(x,1) B
dx x:OA,l_ 0
where let C(x, t) =Co(x).
A = —a(in)?

@i(x) = V2cos(in)x
Exactly,

2
A= (x{(m— l)n}
Om(x) = V2 cos{(m— I)Tt}x, m>?2
[Example-3]  ODAE model

The definition related to the diffusion coefficient is
Definition 5  Definition of diffusion coefficient D

x
pC

D= (@.1)

where, k denotes a transfer coefficient of films, C, and p (x) the transport rate. Eq.(4.1) is rewritten

as follows[9]:

dC(x,t) oC(x,t)  92C(xt)
an Pax P e 42

The analytical particular solutions of ODAE is derived by

Cx,t) = L1 ex (*i) (4.3)
T Vampr P\ 4D '

where, C(x, t) denotes the diffusion vapor function, and let x € [0, L] and ¢ € [0, T].

With respect to Eq.(4.3), the initial condition and the boundary condition are respectively

C(x,0) = C°(x)3 (x), (4.4)
_fdx)=1 (x=0)
3= { 8(x) =0 (except above) (4.5)
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aca(’;’t) | =act() 4.6)
dC(x,1) 0
B~ @.7)

where, a and b represent constants. C'(¢) is the state amount at the end of the diffusion vapor, and
(°(x) is the state amount at the beginning of the diffusion vapor.
As described above, the equation to constrain the diffusion vapor function C(x, t) is to be
written in ODAE.
To perform a normalized nondimensional equation, the following variables in Eq. (4.2) are
translated as follows:
1 X pL

- -2 p=r= 4.8
T Lpt,l o h=7 (4.8)

From Eq.(4.8), normalized non-dimensional equation is obtained by

9C(l,t)  9C(L,t) 19%C(l,7)
=— 4.
ot ol n P “9)
where, assuming that p is a constant velocity, let T € [0,1], 1 € [0,1].
To translate the model in Eq. (4.9) into the mode domain, C(I, 7), which is translated by the

eigenfunction expansion, is obtained by

0= L0/l (.10
See the Appendix A, B for further detailf;]
/g Clx,1)9! (x)dx (4.11)
where, {() 1%, where, {(l) is
C(1) = exp(—pl). (4.12)

According to Eq.(4.12), in order to perform a self-adjoint operation on Eq.(4.9), the model and

boundary conditions for the related eigenvalues are

(o™} atwen —o 413
J

{awi(l) + d(p;!(l) }1:1 =0 (4.14)
J

{b‘Pi(l) + d(z;l(l) }l:O =0 (4.15)

From Eq.(4.13)~Eq.(4.15), both the eigenfunction @/(]) and eigenvalue A; can be obtained by

j

(plj() A’exp(l;l>{( m )cos(le—&—smoc’l} (4.16)
x,-"—j+°‘sz (4.17)
u
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where A/ denotes the constant value that defines the set of orthogonal function systems in the

eigenfunction /(). See the Appendix A,B for further detail.

A=ty ws

where, a; denotes the solution of the transcendental equation.
2
J
. oL
cota) = —t— — L
Lo 4o/

1

(4.19)

With respect to the parameters in the tables, Table.1, 2, 3 represent the eigenvalue and the
eigenfunction-related diffusion parameters. As the eigenvalues become larger, the diffusion
coefficient also increases. The setting parameters in Fig.6 use the data shown in Table.1. The
setting parameters in Fig.7 use the data shown in Table.2. The setting parameters in Fig.8 use the
data shown in Table.3. (1) in Fig.6~Fig.8 show that the vapor diffusion density U/ (I 7) is
expanded by the eigenfunctions with up to three eigenvalues. (2) in Fig.6~Fig.8 represents the

vapor diffusion value %. (3) in Fig.6~Fig.8 represents the eigenvalues in Eq.(4.17).

Table. 1: Set parameter values Table. 2: Set parameter values
u =0.5 uw =10
a! =069 |Al=0.346921| A! = 1.08 a! =096 |Al=0.479838| A!=1.17
a? =329 |A2=0.104776| 12 = 21.77 a? =343 |A2=0.196004| 12 = 1201
a®=6.36 |A°= 0.055208| 13 = 81.02 a’=6.45 |A°=0.108018| 13 = 4185

Value of diffusion density function
Value of diffusion density function

Spatial axis over time Spatial axis over time

Fig.6: Schematic diagram of diffusion vapor  Fig.7: Schematic diagram of diffusion vapor
function function
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Table. 3: Set parameter values
p =0.5
al =178 |A'=0931100| A! = 1.88
a? =417 |A2=0660658| 12 = 473
a3 =695 |A*= 0.458147| 1® = 1091

Value of diffusion density function

Spatial axis over time

Fig.8: Schematic diagram of diffusion vapor function

5 Results

With respect to the model proposed in this paper, Examples 1 and 2, involving state models that
are stationary, are derived by the one-dimensional diffusion equation, and Example 3 is ODAE.
All examples could be obtained analytically for a solution which denotes an internal thermal
diffusion situation under no external force.

In the case of the drying simulator proposed by Horiuchi et al., it is widely recognized that
the values measured by the prototype machine agree well with simulation results.

According to the transfer function obtained by the analytical method in this paper, a
mathematical model which can be described using PDEs can be obtained easily to represent the
internal model in a drying oven.

For applications in a realistic scenario, it is necessary to identify both the various parameters
and functions. However, on the basis of the control theory results derived by the various PDE

models, the method proposed by this paper is shown to be useful.
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A Appendix1 : Derivation of eigenfunction
According to substitute {() = e*!into Eq.(4.13) and run the differential calculus, it can be

obtained by

L fdel ) del() ;
wil i _ i -/ —
e { TR S TR (l)} =0, (A1)

In order to establish Eq.(A.1), the following equation must be satisfied:

/(1) del ()

ap R kel () =0 A2)

According to get a particular solution by Laplace transform, it can be obtained a particular

solution from Eq.(A.2) as follows.

20/ . g
(¢ ;";2(1) } = (s) ~ 50/ (0) ~ 0/ (0) *3)
J .
f{d(p#(l)} = s®i(s) — 9] (0) (A1)

According to substitute Egs. (A.3), (A.2) into Eq.(A.2), it can be obtained by

N

0/ (0)+ {10/ (0) + ¢/ (0)} (A5)

cpi(S):SZ_P-S'f'u}\fi i

52— s+ pA
From Eq. (??A.5) ,

1o/ (0)+ 9/ (0) =0 (A6)
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The solution in Laplace transformation is obtained by

: /(0) (A7)

Di(s) = ¢}
(S) 52_H5+u)\'i(pl

Let use Inverse Laplace transform Eq.(A.8)

1 N

< {sz+2bs+c}

- s+b B b
(s+b)2+(Ve—b2)?%  (s+b)*+(Vc—b2)?

=e¢ "(cosrt — b sinrt), (r= m) (A.8)
r

According to Eq. (A.8),letb = -pu/2, ¢ = phki

(p,’() (pl 0)e [{COS(XZI+(2};')SiHOC,'l},

= (pl:f(O) . % ~e%l{ (%) cos ol + sinoc;l} (A.9)
i

After setting @; /(0 ) e —Az in Eq.(A.9), the eigenfunction is obtained

B Appendix2: Induction of coefficient with respect to eigenfunction

According to substitute the eigenfunction ¥/ (I) into Eq.(B.1), it is obtained by

&dl{ d(P’ }+xc i1y =0. B1)

The second order differential equation (B.1) can be solved. According that the eigenfunction in

this paper form the orthogonal function, it is obtained by

1 . .
| cw-olw)-e/war=1 ©2)
where, let {()) = e . After substituing Eq.(B.2) into 9 /()), {(]) and calculating Eq.(B.2), it is
obtained by
2oc2 20, . 2,
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=1 (B.3)

In order to become one of the left side in Eq.(B.3), both Eq.(eq:f43) and Eq.(B.5) must be satisfied.
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Eq.(B.5) must be established.

where, A;and «; have to satisfy Egs. (B.6) and (B.7) respectively.
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(B.5)






